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7.1 Lumped Parameter Modelling

Resistance, Compliance, and Intertance

Resistance Compliance Inertance

dp 00
= Ap/R =C— =L—
O=Ap (0 o p 5

* Resistance R: analogous to the electrical resistance which models the dissipation of energy. The mass flow
rate Q is analogous to the electrical current (usually denoted by I), and the pressure p is analogous to the
electrical voltage (usually denoted by V).

« Compliance C: this models the expansion of cardiovascular chambers under pressure, allowing it to store more
fluid.

 Inductor L: this models the inertance of the fluid. When the fluid momentum is substantial, as the pressure on
forward-flowing fluid reverses, the fluid will not suddenly reverse its direction, but decelerate over a transient.

Solving a Lumped Parameter Network Consider the example lumped parameter network,

. which yields a linear system with 4 unknowns (p,, Q;,

P R, 1) Ry Ps3 0,, 03) and 4 simultaneous equations:
0 0,
Py =P = R0y,
C
o p3— Py = R0,
3
-1
0; =y - pi My,
P =0 =
& 01=0,+0;.

Note that p(zt_l) denotes the pressure p, at the previous time step ¢ — I; (p(zt) - p(zt_l))/At is an expression of the time

derivative in the backward Euler fashion. (cf. electrical capacitor I = C - dV/dr).

The above linear system can be arranged into a matrix system, Ax = b,

I =R 0 07fp, »
-0 =Ry g Qi|_| =P,

t - — s
<1 0 B
0 -1 -1 -1JlO; 0

and can be easily solved by inversion of the coefficient matrix: x = A™'b.

7.2 Windkessel Models
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FIG. 1: Left: the mechanical equivalence of three Windkessel models; Right: Input impedances of the three Wind-
kessels compared with the measured input impedance. (Westerhof et. al)
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2-element Windkessel Model

Governing Equation:

M_FM_Q“I
dt RC C

where C denotes the vessel compliance (elasticity), R de-
notes the peripheral (distal) resistance.

3-element Windkessel Model

p(t) Z. Ddistal

p(®) T@

Governing Equation:

ap(t) p(t) Qin ( Zc aQin
Ll =12 )+ 2

o TRe - Cc VTR
where Z, is the characteristic impedance, p(t) — pqistal =

QR Zchn'

Derivation

Apply Kirchhoff's Current Law at node pgia1: Oin = Or+Qc- Moreover, since p(f) — pgistal = ZcCin = Pdistal =
p(t) — Z,0yy-

e Current passes through the resistor R:

— Ddistal — p(t) B Zchn — & _ Zchn

Or R R R R

e Current passes through the capacitor C:

OPdistal _ Ca[p(t) ~Z.Onl _ o ., 90

QC=C

ot ot ot ¢ oo
Hence, the total flow Q,, is
O, =0r+0c
_ PO _ 2O | 9P _ oy 0in
R R ot ot

rearrange, we get
00.
Cap(t) + & _ ’ an.
ot R ot
Divide both sides of the equation above by C, we will get the final governing equation as presented.

ZC
(1 + ?>Qin+CZ

4-element Windkessel Model

Z

C

p(?) Pdistal Governing Equation:

oN @

ap p(t) Q < Ztotal ) aQ
287 =] 4 Ztotal 7 =
o TR~ c Ut R )T oy,

joLZ,. .
——— isthe total impedance of the par-
joL+ Z,
allel network - the characteristic impedance, Z, and the
inductor, L.

C where Z, . =
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Derivation

Apply Kirchhoff's Current Law at node pg;gia1: Oin, = Or + Oc. However, we need to express py;q, iN terms of
p(t), hence need to solve the total impedance of the Z,-L parallel network:

1 1 1 j2zfL+Z, Jj2nfLZ,

Ziotal Z. J27fL J2rfLZ, total = o2 FL + Z.

Note that sometimes 2z f is denoted as w, which is the angular frequency. Now, p(t) — pgisial = ZiotalQin- ThE
rest of this derivation follows the same procedure for 3-WK.

Necessity of the inductance in 4-WK? Better capture the frequency characteristics of the flow.

* Atthe low f range: 2zfL < Z., hence Z,.,, — 0, which removes the characteristic impedance in the
whole circuit;

» Atthe high f range: 2z fL > Z,, hence Z, .., — Z..

This means the inductance has no effect when the flow is steady, providing a zero resistance pathway to the
rest of the circuit under steady flow conditions.

7.3 Moens-Korteweg Model of Pulse Wave Velocity

pressure load, p

wall stress, o

linear wall
elasticity, E

FIG. 2: The schematic for the derivation of Moens-Korteweg equation.

Equation 1 ~Assume linear elasticity (fixed Young's modulus, E), the stress(c)-strain(e) relation is

vmBem EER iy oo CEREARZ27R) AR
R 27 R R

Applying Newton’s 2" Law and re-arranging the expression leads to an expression of the pressure,

Myail@wall = Fpressure — Fwall

0=2RLxP-2Lhxos = p=2"_Eh,\p
R R

Differentiating p w.r.t. ¢, this leads to equation 1,

9 _ EhJAR
ot R?2 ot
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Equation 2 Integrating the continuity equation over the vascular cross-sectional area

0, axis -symmetrical
d ad d
lru,_'_l Zo _0 N / 1 ru, )()A 0

r or r or
r=R —
oru ou
= / 1 r>27rrar+7tR2—z=0

r or 0z

= 27Rup+ RZ()Z 0

mwRu TR°"—= =0.

R 0z

Re-arrange leads to the equation 2,
ROu;

U, = ———

r 2 0z )

where the notation u, denotes the average z-velocity across cross-section.

Equation 3 Assume negligible convective acceleration and no viscous losses, the Navier-Stokes z-momentum

equation can be simplified as,

ou, ou, uyou u, op
—Z tu—= 4 T —> -
”< or U F 00 " 2oz

Derivation of PVW  First, letu, =

o ROE _OAR_REOp 0% _ 2ROp

r 2 oz ot Ehot’ 0z Eh ot

- ~~ / - ~~ 7 | J/
equation 2 equation 1 equation 4

Next, differentiate equation 3 and equation 4 w.r.t. z,

ou, _0p  differentiate o%u; *p

P ot - az W.rt. ¢ pataz = _E’
ou, 2R dp - differentiate  0%u 2R 0°p
0z Ehor  wits gzot  Eh ol

which allows us to equate the R.H.S. as

9’p _2Rp d*p ’p Eh 0°p

022 Eh o2 or2 0z

K

which can be subsequently re-arranged as the wave equation. Denote the term Eh _

0z |

—R, this equates equation 1 and equation 2 and leads to equation 4

¢2, for which the term ¢ is the

p
expression of the wave speed of pressure (a.k.a. pulse wave velocity, PVW). By definition, PVW increases with the

stiffness of the vessels and decreases with the radius of the vessel.

Drafted by B. Li, September 28, 2024
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